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Abstract. A which-way measurement in Young's double-slit will destroy
the interference pattern. Bohr claimed this complementarity between wave-
and particle-behaviour is enforced by Heisenberg's uncertainty principle:
distinguishing two positions at a distangapart transfers a random momentum

g ~ h/s to the particle. This claim has been subject to debate: Saillzl

(1991 Nature 351 111) asserted that in some situations interference can be
destroyed with no momentum transfer, while Stoegyal (1994 Nature 367

626) asserted that Bohr’s stance is always valid. We address this issue using
the experimental technique of weak measurement. We measure a distribution
for g that spreads well beyond-h/s, h/s], but nevertheless has a variance
consistent with zero. This weak-valued momentum-transfer distribiRiQ(q)

thus reflects both sides of the debate.
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1. Introduction

An interference pattern forms when it is impossible to tell through which of two slits a quantum
particle travelled to a distant screen. Conversely, performing a which-way measurement
(WWM) to determine which of these two paths the particle took destroys this pattern. This
choice of exhibiting wave- or particle-like behaviour was called complementarity by Bbhr [

In his debates with Einstein, Bohi2[ reprinted in B]) argued that complementarity was
enforced by the (then newly discovered) Heisenberg uncertainty principle. By this he meant the
measurement—disturbance relation which Heisenberg formulated in 1927: in a measurement
of position, Planck’s constarit gives a lower bound on the product of the ‘precision with
which the position is known’ and ‘the discontinuous change of momentufy’ttfnslated into
English in B]). In the context of the double-slit experiment, Bohr argued that a measurement
able to distinguish two positions at a distareéthe slit separation) apart must produce an
‘uncontrollable change in the momentum~ h/s. This is just the magnitude required to wash
out the interference fringes, which have a perioth &£ in momentum space.

Bohr’'s argument was famously reiterated by FeynmnWwho said ‘No one has ever
thought of a way around the uncertainty principle’. However in 1991, Seulg}[6] proposed
a specific WWM that, according to their calculations, transfers essentially no momentum. This
seemed to show that complementarity is more fundamental than the uncertainty principle. Their
calculation consisted of a proof thatsangle-slitwavefunction was essentially unchanged by
their WWM.

The argument of Scullgt al was not accepted by Stost al [7]. They proved a general
theorem showing, they claimed, that any WWM causes a momentum transfer at least of
order h/s, so that the uncertainty principle is indeed relevant to double-slit experiments.
They identified the momentum disturbance as occurring in the convolution of the momentum
probability amplitudedistribution. Observationally, their theorem means that if the initial state
were amomentum eigenstatieen the final (i.e. after the WWM) momentum distribution would
have a width of at leasth/s [8].

4 Here and elsewhere, when we say a distribution has width of attesstmean it is nonzero somewhere outside
the interval [- o, o].
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In this paper, we present the first experimental work to address this débai€] about
momentum disturbance by a WWM in a double-slit appafatiée use a WWM akin to that
proposed by Scullet al, but using photons rather than atoms. Using a technique proposed
recently by one of uslfl], we measure aveak-valuedprobability distribution forg. Our
measured distribution fay has a width clearly greater thdmy's, but has a variance consistent
with zero, thus exhibiting features characteristic of both sides in the debate. This is possible
only because a weak-valued probability can take negative valdgs [

This paper is organized as follows. In section 2, we discuss the different concepts of
momentum transfer that have been used in the debate, including the weak-valued momentum-
transfer distribution. In section 3, we explain this last concept in detail, using only concepts
understandable to a classical physicist. It is on this basis that we say that welilently
observedhe momentum-transfer distribution in our experiment, described in section 4.

2. Concepts of momentum transfer

That both sides in the debaté, [7, 9] had valid claims was first pointed out irl7].
The disagreement came from the fact that the two groups were using different concepts of
momentum transfer. One might have thought that momentum transfer or disturbance was
defined by Heisenberg in 1924]] and so should have no ambiguity. In fact, Heisenberg'’s
measurement—disturbance relation, as appealed to by Bohr and Feynman, used no quantitative
definition of momentum disturbance at all. This is in contrast to the other uncertainty relation
formulated in {], referring to ‘simultaneous determination of two canonically conjugate
qguantities’. This relation between simultaneously determined uncertainties was immediately
put on a rigorous footing by Weyll1[], using standard deviations in the familiar relation
o(X)o(p) > h/2. As Heisenberg recognized in 19301], it is only in the case that the particle
is initially in a momentum eigenstate that the simultaneously-determined-uncertainty relation
can be used to derive a rigorous measurement—disturbance relationt5sfe f discussion.
Thus, in the context of the double-slit apparatus, one cannot use the simultaneously-determined-
uncertainty relation as a basis for a measurement—disturbance relation.

The definitions of momentum disturbance adopted by Sceiilal and by Storeyet al
were both reasonable. Moreover, both concepts agreed for the caskessi€almomentum
transfers 12]. By this phrase, Wiseman and Harrison meant a momentum transfer that could
be described as a random momentum kick, drawn from some (positive) distridutign of
momentag. Examples of WWMs resulting in classical momentum transfer include all those
discussed by Boh2] and Feynmang]. For WWMs with classical momentum transfer, the final
momentum probability distribution is obtained by convolving the initial momenturbability
distributionwith P (g)®. As a result, the momentum transfer is independent of the initial state
and can be quantified by the increase in the variance of the particle’s momentum, which will
equal the variance d®,(q) [8].

The WWM of Scullyet al doesnot result in a classical momentum transfer. This is what
allows their result, that gingle-slit wavefunctiowould be unchanged by their WWM—in

5 In particular, the elegant experiment by Digatr al [10] was not relevant to this issue. As they say: ‘In our
experiment, no double slit is used and no position measurement is performed, so that the reS8hit® afof
apply.’

6 This is as opposed to a convolution of the momenprobability amplitude distributiofin the general case as
analysed by Storegt al[7].
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particular, it suffers no increase in momentum varidn@ut at the same time, the WWM of
Scully et aldoes not evade the theorem of Stoe¢wlinvolving momentum-transfer probability
amplitudes. This theorem implies that any WWM would disturmamentum eigenstate
resulting in a final momentum probability distribution with a width of at ldg&t [8].

Although the calculations of Scullet al and Storeyet al are not in conflict, it is
unsatisfying that their physical predictions require experiments (with a single-slit wavefunction
and momentum eigenstate, respectively) that are incompatible with each other and with the
double-slitexperiment that they are supposed to illuminate. In contrast, the weak measurement
technique that we outline in the next section allows us to observe directly the momentum transfer
while carrying out the original double-slit experimedtl]. Moreover, this weak measurement
technique is unique in allowing aspects from the calculations from both sides of the debates to
be seen in a single momentum-transfer distributibdj.[

3. Theory

Consider a double-slit experiment in which the slits are separated in the horizordak(ction,

with a WWM following the slits. We are interested in the change in the particle’s momentum
from its initial state (just after the slits) to its final state (after the WWM). For a physicist
ignorant of quantum mechanics, an obvious way to probe this momentum transfer would be
to ‘tag’ particles with an initial momentunp; using a parameter of the particle uninvolved

in the interference effect. For example, one could tag particles by inducing in them a vertical
displacemenD. (This is related to the technique we use in the experiment, as described below.)
Then, after the WWM, these particles would be detected at the screen with final momgntum
The differenceq = pr — pi, would be the momentum transfer.

One can arrive at a probability distribution fqrby selecting the subset of particles with
final momentump; and counting the number of these that are tagged. In this post-selected
subset # tagged/ (total # = Pr(p;| pr), the probability that a particle began wigh given that
it was later found with momenturp;. One repeats this for every combinationgfand p; to
attain the unconditional joint probability distributid®(p;, pr) = P(pi| pr) P(pr). From this one
finds the probability for a momentum transtgraveraged over the initial (or final) momentum
of the particle:

P@) =Y [P Pl pmpeg = [PPBIP)PP)] poprrg - (1)
pi Pi
Here we are treating; as discrete, as is appropriate for our experimental apparatus, described
later. That is,P(pi| pr) is in fact a probability, whereas strictR(q) is a probabilitydensity

7 In fact, measurements of this kind also cause no change in the variance (or indeed in any of the moments) of
the momentum probability distribution of thaouble-slitwavefunction 8], despite the fact that the momentum
probability distribution itself is changed drastically due to the disappearance of the fringes. The same effect
(invariance of the momentum moments) occurs in the Aharonov—Bohm effect, despite the fringe shift, as shown
by Aharonovet al [16]; see also the discussion iB][ (Aharonovet al [16] show that ther@s however a change

in the modular momenturp The relation of the WWM of Scullet al to the Aharonov—Bohm effect emphasizes

its nonclassical natureé3] 16]. It should be noted, however, that the invariance of the momentum moments is not
readily accessible experimentally because for slits with sharp edges (as in our apparatus), the variance of the initial
and final momentum probability distributions is undefireen witha regularization procedure (as discussed in
section 3 in the context of the variance of the weak-valued momentum-transfer distrib@8pn) [
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For classical particles, the procedure just described is completely equivalent to the
following. Instead of counting tagged particles, one measuresvitiage vertical displacement
of the whole subset] = [(# tagged - D + (# untagged- 0]/ (total #, so thatP(pi|ps) =d/D.
In this experiment, we use this variation because it does not require us to know whether a
particular detected particle was tagged (i.e. had momemdior not. Classically, determining
the momentum of a particular particle is harmless, but in quantum mechanics it would collapse
the state to anomentum eigenstat@;). In effect, the tagging procedure would be a ‘strong’
measurement of initial momentum and the ensuing collapse would disturb the very process
we wish to investigate, the effect of the WWM on the double-slit wavefunction. Thus, for the
guantum experiment, we need a way of reducing this disturbance to an arbitrarily low level.

The solution is to make a ‘weak’ measurement, reducing our ability to discriminate whether
a particular particle had momentupyor not. We do this by making the induced displacement
D small compared to the vertical width of the particle’s wavefunction. A classical physicist
would regard this as merely reducing the signal-to-noise ratio of the measurement, and would
still interpret the resultl/D as givingP (p;| pr). The reduced signal-to-noise can be overcome
simply by running more trials.

The quantityd/D is the average value of a weakly measured quantity post-selected on a
particular outcome. This is what is known asvaak valug17]. It can be shown theoretically
that a general weak value (in the liniit/c — 0 ) can be calculated by:

(¢|UAX|1//).
(@lUly)

Here the initial state of the system |ig¢), the postelected state jg) and X is the weakly
measured observable. In the above procedure, these are the double-slit wavefunction, the
final momentum statéps), and the projector for the discretized initial momentup) ( pil,
respectively. Evolution after the weak measurement is givett byypically unitary, but in

our case, an operation describing the measurement of the particle by the WWM ddyit§ .|

The generality of weak values has made them useful tools to analyse a great variety of quantum
phenomenal9]-[29].

If no post-selection is performed then it can be shown that the average of the weak
measurement result is the same as for a strong measuremq:f(u,t/f). For X equal to the
projector | pi)(pi|, this expectation value is equal to initial momentum probabilRyp;) =
(w|pi){(pilv). However, in the case of post-selection on stgte the weak value may lie
outside the eigenvalues &f [17], a prediction that was quickly verified experimentall\g[.

In particular, if we weakly measure a projector, the weak value can lie outside the range [0,1].
This is of course impossible for a true probability. To make this distinction, we call the weak
value of a projector aveak-valuedprobability (WVP). The fact that a WVP can be negative
enables it to describe states and processes whighirea quantum description, similar to other
guasi-probabilities such as the Wigner functi&h [

The application of WVPs to momentum transfer in WWMs was first consideredilin |
Our quantityd/ D, which a classical physicist would call the conditional probabiRtyp| pr),
is, in the limitD /o — 0, exactly the conditional WVP:

d/D — Pu(PP1) =5 1) (Pil) 3)

p{Xw)y =R 2)
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We manipulate this result according to equatigpjgst as a classical physicist would, but we
refer to the resulting quantity as tixeak-valuednomentum-transfer distribution:

Puv(@) = Y [P (Bl PO P(PO)] s - 4)
pi
It is in this manner that we directly observe a momentum-transfer distribution: it is derived via
a simple prescription, with no reference to quantum physics, from measurements a classical
physicist would understand.

Like a standard probability distributionR,,(q) as defined here integrates to unity.
Moreover, its mean and variance exactly reflect the change in the mean and variance of the
momentum distribution that occurs as a result of the WWIM|.[ For WWMs that produce
a classical momentum transfdé?,, (q) = Py(q) and so is positive. However, foronclassical
momentum transfersR,,(q) may go negative. We emphasize that the existence of negative
values ofR,,(q) is not a flaw in the theory. Rather it is a necessary feature in ordd?,fd@n)
to reflect both sides of the debate, in that this distribution must have a width greatdr/gan
even though its variancfP,, (q)g® dg can be arbitrarily small.

One subtlety in relating the theory to experiment is that if the slits have sharp edges (as
they do in our apparatus) then(x) is not continuous. As a consequence, a regularization
procedure is required to make the variance integal (q)g? dq converge 18]. For example,
one can multiplyP,,(q) by an apodizing function#/*, calculate the integral, and then let
k — oo [18]. If instead one replaces this smooth cutoff with a sharp cutadf-at+gmax then
the calculated variance divergestgsx — 00, oscillating between positive and negative values.
Experimentally the regularization is not achievable with current techniques, as it reBuitg$
to be measured to great accuracy over a very large range. However, the signature of a zero
variance can be seen by calculating the variance from the data in the ramgg, dmax, and
observing an oscillation from a positive value to a negative valug,asis increased. These
oscillations are what ensures that the regularized variance evaluates to zero.

4. Experiment

The experiment we report is the first to address the question of momentum transfer by WWMs in
a double-slit apparatud ()]. The experimental apparatus is shown in figlir&ince photons are
non-interacting particles it is unnecessary to send only one through the apparatus at a time.
Instead, we use a large ensemble simultaneously prepared with the same wavefunction, as
produced by a single-mode laser. It follows that the transverse intensity distribution of the beam
is proportional to the probability distribution for each photon. Treating the photons as particles,
a classical physicist would analyse the experiment using traject@tslh this model, the
transverse motion of the photon is that of a free nonrelativistic particle of mas/ca.

The photon ensemble is produced by a 2 m\A: 633 nm HeNe laser that illuminates
a double-slit aperture with a slit width ab =40um and a centre-to-centre separation of
s =80um. We call the long (vertical) axis of the slitsand the axis joining their centres
We usef = 1 m focal-length lenses to switch back and forth between position and momentum
space for the photons. These can be treated as impulsive harmonic potentials in the classical
particle picture. One metre after the first lens, the photoajsosition x; becomes equal
to (f/c)- (pi/m), where p; is its initial momentum at the double-slit. Consequently, in the
x-direction the intensity distribution is that of the expected double-slit interference pattern with
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Figure 1. Diagram of apparatus. The photons are prepared in the initial state
by a polarizing beam-splitter (PBS) and a double-slit aperture. They are then
measuredhreetimes: the weak measurement vig-aisplacement by the glass
sliver atp;; the WWM via polarization rotation by the half-wave plate (HWP) at
one slit; and the final strong measuremenppby the CCD camera. For details

see text. Below the apparatus are shown calculated intensity distributions at the
longitudinal positions indicated, with thedisplacement exaggerated for clarity.

a fringe spacing of 2 + 0.1 mm. In they-direction, the intensity distribution is Gaussian with
a 1/€? half-widtho = 1.014+0.01 mm

We tag the photons with g-displacemenD = 0.14+ 0.01 mm (K o ensures weakness)
in a range of momenta centred onp;. This displacement is induced by tilting an optically
flat glass sliver placed at; with a width of § =1.77+0.02mm in thex-direction and a
thickness of 100+ 0.25 mm. That is, the momentum resolution of our weak measurement of
pi iIs A = (m/cf)-§ « h/s. If there is no momentum transfer we expé&t, (pi|pr) = 1 for
|pi — prl < A/2 and O otherwise. Any deviation from this represents a momentum disturbance.

To implement the WWM, we must switch back to position space with a se¢oad m
lens, in essence imaging the slits. Here, the photons pass through a HWP for fine alignment
of their polarization. A second HWP in front of the image of just one of the slits flips the
polarization. That is, the photon polarization carries the WWM result, destroying the double-
slit interference. Since the spatial wavefunction is unaltered, this is exactly the type of WWM
Scully et al considered.

A third f =1m lens transforms back into momentum space, so that finalky
(f/c)(pr/m). Here, we record the intensity distribution with a movable CCD camera in an
XYy region of size 25 mmx 2.70 mm. This was done fo§ = né for n running from—71to 7.

The inset of figur@ shows the momentum distribution of the photons at the CCD, with and
without the WWM, givingP (ps) and P(p;), respectively. To find?, (pi| pr), we measure for
eachx; the average displacemeanhin the y-direction of the intensity distribution while the glass
sliver is atx;, then divide byD. The example in figur@, for p = —1.8 mm- (mc/f), shows the
typical features oPR,, (pi| pr). The dominant positive feature of the distribution coincides with
the window|ps — pi| < A/2. This reflects the fact that half the photons suffer no momentum
disturbance (see the quantum eraser discussion later). The WVP is also positivp;ighesar
the minima of the initial interference pattern (see inset), as required to ‘fill in’ these minima.
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Figure 2. WVP Pu,(pilpr), found from the y-displacement (dots) of the
intensity distribution at eacps = x; (mc/f). The thin solid curve is calculated
from equation 4) following the theory of 18], using only the independently
measured parameters, s and A. The solid black rectangles indicate the weak
measurement windowp; = A /2. Here pj = —1.8 mm- (mc¢/f), which is on
the side of the central fringe. This gives rise to an asymmeRga pi| pr),

as explained in the text. The inset shows the measured intensity formgach
integrated ovey, with (solid diamonds) and without (empty circles) the WWM.
The intensity outside the range shown was below the sensitivity of the CCD.

Similarly, the WVP isnegativevhenp; is near the maxima of the pattern. This negativity proves
the existence of a nonclassical momentum disturbance. The asymmetry in the curve is because
herep; was chosen to lie on the side of a fringe. Note that diffraction effects due to the nonzero
strength of our weak measurement lead to smoothing of the experimental curve in comparison
to the theory.

We sum the conditional probabilities for all I% according to equatior4j to obtain the
unconditional WVP of a momentum transfey, (q), plotted in figure3 along with a theoretical
curve. The agreement between the two is as good as we expect given the discrepancies in
individual datasets exemplified in figug& Our data show that even with the WWM of the
type of Scullyet al, P, (q) is nonzero outside the ran§eh/s, h/s]. This supports the stance
of Storeyet albased on their theorem.

Nonetheless, theory predicts tHa, (q) has zero variancéel[l], consistent with the stance
of Scully et al. Unfortunately, as explained in section 3, we cannot obtain the theoretical value
of zero because it is practically impossible to obtain data of sufficient quality over a sufficient
range of momenta to evaluate the required regularized intet@hlIhstead we calculate the
integral with sharp cutoffs atgmax (See the inset of figurg). The experimental values agree
qualitatively with the theoretical curve, which diverges as a function,@f. As explained
in section 3, it is the oscillations between positive and negative values that ensure that the
theoretical prediction for the regularized integral is zero. The fact that the variance changes
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Figure 3. The weak-valued distribution for the momentum transi (q)
calculated from equatiorl). The dots are experimental data and the thin solid
line is theory as in figure 2. The inset is the variance integral (experiment as dots,
theory as curve) over the range Omax dmax @s a function ot ax.

sign as a function ofj.x demonstrates that the WWM of the type of Scudlyal does not give
random momentum kicks, and is consistent with the weak-valued momentum-transfer variance
being zero.

Scully et al [6] also considered the retrieval of interference in their scheme through the
use of a quantum erase3l]. That is, interference is seen in the subsets of particles selected
according to the results of projecting the apparatus in a basis conjugate to the one that carries the
WWM result. For a WWM with classical momentum transfer, the different subsets give identical
interference patterns apart from being shifted inxhdirection by varying amounts3p]. By
contrast, for a WWM such as that of Scuélyal, the different interference patterns all have the
sameenvelopebut with differentphasegd8].

Our WWM is performed in the horizontal/vertical basis of the photon polarization, so we
implement a quantum eraser using a polarizer in4H#&° basis. The 45photons form the
usual double-slit interference pattern, whereas-td&° photons form the antiphase pattern.

In figure 4, we plot Py (pilpr) with pp=—-18mm-(mc/f) for both polarizer settings,

along with the measured interference patterns. The pfoton data show that, to a good
approximation,P (pilpr) = 1, if |pi— pr] < A/2 and 0 otherwise, indicating no momentum
transfer. On the other hand, for thel5® photons,P, (pi| pr) is substantial even fop; outside

the rangep; + A /2. These results are found for all values pf demonstrating that the
momentum transfer only appears in the photons making the antifringes. This shows an intimate
connection between the nonclassical momentum transfer and the phase between the slits induced
by the quantum eraser.
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Figure 4. The WVP Py, (pilps) for pi=—1.8mm- (mc/f) with a quantum
eraser consisting of: (a) a 4polarizer; and (b) a-45° polarizer, placed after the
WWM. The dots indicate thg-displacement of the intensity distribution at each
pr = X¢ - (Mc/f) position on the CCD. The diamonds indicate the intensity at
each p;. The vertical lines indicatep;+ A/2, the region of the weak
measurement.

5. Conclusion

To conclude, we implemented a WWM of the type Scudlyal considered, and, using the
technique of weak measurement, directly observed a distribution for the resultant momentum
transferred. This distribution spreads well beyattl/s, in agreement with Storegt als

claim that complementarity is a consequence of Heisenberg's uncertainty principle (i.e.
the measurement—disturbance relation). However, the observed distribution also supports
Scully et als claim of no momentum transfer since its variance is consistent with zero. These
seemingly contradictory observations are compatible only because the weak-valued distribution
we measure takes negative values, showing the usefulness of the weak measurement technique
in illuminating quantum processes.
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