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Total Reflection Cannot Occur with a
Negative Delay Time

Kevin J. Resch, Jeff S. Lundeen, and Aephraim M. Steinberg

Abstract—t was recently predicted [1] that the frustrated
Gires—Tournois interferometer exhibits a negative delay time for
reflection. Given its 100% reflectivity, this appears to contradict
causality. We demonstrate that an additional, positive, contribu-
tion comes from consideration of the transverse dimension. We
prove that this contribution is always large enough to enforce a
positive total delay.

Index Terms—Dielectric materials, Fabry—Perot interferome-
ters, Gires—Tournois interferometer, Goos—Héanchen shift, group
delay times, nonhomogenous media, tunneling.

I. INTRODUCTION Fig. 1. Schematic drawing of the frustrated Gires—Tournois interferometer.

. .. A negative group delay time is predicted for the case whare> n; >
EGATIVE group delays or superluminal velocities have, and the light is incident in the first region at an angle greater thaa

been predicted and shown experimentally in systensig—l(ng/nl). The first and third layers are bulk dielectric materials, and the
where particles have a very small transmission probability, aﬁgﬁdle layer has a thicknegs The first layer is drawn as a prism to allow the

. . . . t to be coupled into it. The dashed line means the third layer is semi-infinite.
in the presence of active media. These experiments are not’in

conflict with relativity or our ideas of causality, for differentfor 100% of the incident light, and since the system is made
reasons [2]. If the particle has a very small probability of tranggyiirely of dielectrics, it is completely passive. In this work,

mission, as in the case of tunneling or frustrated total interr\% show that a negative delay will not occur once the positive
reflection [3]-{6], then the superluminal propagation can Bg.e contribution from the Goos—Hanchen shift is included.
understood as a preferential transmission of the leading ediile it can be shown that the delay time, including the

the wavepacket. Thus, no energy need ever be transmitted fag{giirin tion from the Goos—Hanchen shift, is superluminal in
than the speed of light. If the system is an active medium, asilfly ore optically dense media, it is still unknown whether the

the case of light propagating N an mverted gas of cesium [Qropagation can be superluminal in the lowest-index material.
[8], then the system can sele_(_:tlvely amplify the leading edgg IWc all specific cases we have analyzed, the total propagation
the pulse and reduce the trailing edge of a wavepacket providedi, ¢act siower than the speed of light in the lowest index
that the pulse has a smoothly varying envelope. This resulfs o ria| suggesting no problem with relativistic causality.

in a time advancement of the smooth pulse, again without anYa  Gires—Tournois  interferometer  is essentially a

energy travelling faster than. A sharp disturbance, which Fabry—Perot cavity with a 100% back reflector. The Frus-

IS representative Of a true signal, WOUld not exhibit the sargeo g Gires—Tournois interferometer considered in this paper
superluminal velocity. In_aII cases, information travels slow% made entirely of dielectrics and the 100% reflectivity is
thanc, a smooth pulse being reconstructed by Taylor expansigpg e q by the process of total internal reflection (TIR),

of the incident pulse [9], [2]. Apparent superluminal propaganeaning that the light will always be incident beyond the
tion has beep repc_>rted for a Bessel beam in frge space [10,]' Qﬁ’ltical angle for total internal reflection from the final layer.
proper _conS|derat|on of the 3-D energy flow in this situatioR o «Gires—_Tournois time" ;) for reflection was calculated
makes it clear that the experiment can be understood by cqiiry 1 following stationary phase theory and differentiating
sidering the (subluminal) diffraction of different componentg,q refiection phase shift with respect to the incident frequency.
of the beam. A recent .calculatlo.n [1] has predu;ted that t%e Gires—Tournois time describes the time delay between
group delay for a Gaussian beam in a frustrated Gires—TOUMQS i cigent field at the origin reaching its maximum and the
interferometer can be negative. What makes the Glres—Tourn&lﬁgoing field at the same point reaching its maximum. Due
interferometer, and total internal reflection, in general, auniqlljg the Goos—Hanchen shift [11], however, the reflected. peak
problem, is that the superluminal behavior is predicted to ocClikyver crosses the origin. Thus, the delay for the 2-D peak of

the pulse to leave the surface may differ fremr. We show
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ture. The second term is an additional contribution not consid-
ered in the original proposal, and is referred to in this work as
the Goos—Hanchen time;g. The spatial shift arises from the
phase shifts experienced by different plane-wave components
of a bounded beam. We can apply stationary phase theory again
to find the size of this shift from the phase by taking the partial

A A — 5

ny derivative of the total phase with respectét@nd setting it to
zero

Fig. 2. Sketch of light undergoing TIR. For TIRp:, > n. and
6 > sin~(nz/ny). The peak of the outgoing pulse leaves a distance, d¢ror =0= ad)_R + v cosOAx (5)
Az, along the interface from where the peak of the incident pulse hit. The field a0 a0 c
reaches a maximum at the point A at the time calculated by Toumgis, The 9
peak of the outgoing pulse leaves point B, due to the Goos—Hanchen shift, at Ar = — ¢ ¢R' (6)
atimetar + (n1/c)Azsin 6 (equal to the time at which the wavefront from niwcost o8

A reaches point C, at velocity/n,). ) ) ) )
This allows us to write out the Goos—Hanchen time in terms of

third layers are bulk dielectrics with indices andns. The the phase factor that has already been calculated as

middle layer is a dielectric with index, and has a thickness n . c bR

d. The light impinges from the first layer with an angle of TGH =~ sin ¢ <—W W) (7)
incidence greater than the critical andlg for the first and

third layers (i.e.sinf. = ns/n1). While other combinations _ _tanf I¢r (®)
of indices were considered in [1], negative Gires—Tournois w 06

times were predicted to occur only when > n3 > n». SinCeé  As one can see from Fig. 2, the Goos—Hanchen time is ex-
n3 > ng, the light is ensured to be incident beyond the criticg|ctly the amount of time it would take a light wavefront to move
angle for the first and second layers as well. Practically, one caiistanceAs sin 6. The transverse displacement of the beam
couple the light into, and out of, the interferometer by usingdoes not affect the delay time for any individual wavefront, but

prism for the first dielectric layer. does modify the time delay for appearance of the spatiotemporal

peak of the pulse. Since interferometric techniques are not sen-

Il. PHYSICAL ORIGIN OF THE GIRES-TOURNOIS AND THE sitive to transverse shifts of the wavefront, such measurements

GOOS-HANCHEN TIMES will yield only the Gires—Tournois time, not the full two-dimen-

Fig. 2 shows a beam undergoing reflection from an intefional delay.

face at an angle of incidence beyond critical. In the diagram,

Az is the Goos—Hanchen shift aid Az is the phase accu- lIl. POSITIVITY OF THE TOTAL 2-D TIME

mulated during that shift, where, is thez-component of the  |n the sections to come, we prove that the total reflection

wavevector. The total phase shiftror, upon reflectionin TIR  time is greater than zero. We will start by writing the time

can be written as delay in terms of the Gires—Tournois time from [1] and the
é — bn+ oAz 1) Goos—Hanchgn time_ for which we der_ive an expression_. We

ToT =Fr T b show that an inequality can be written in a useful form with a

=¢r+ MY AT (2) single term on the left-hand side which must be less than the
¢ sum of three terms on the right-hand side. We then analyze
where these three terms in turn.
w angular frequency of the light; The positivity of the total 2-D time, including the delay con-
ny index of refraction of the first medium; tribution due to the Goos—Héanchen shifgfy) in the frustrated
6  angle of incidence; Gires—Tournois interferometer (Fig. 1), can be expressed as the
¢ speed of light in vacuum; inequality
¢r reflection phase shift for an incident plane wave—the
phase shift in Tournois’s calculation of the delay. 7ToT = 7GH + 76T > 0 ©)

Using stationary phase theory, we can calculate the par%]l
derivative of the total phase with respect to the angular fre-

quency and set it to zero to calculate the phase time or tRe |ntroduction of the Specific Form of the Gires—Tournois

ererror IS the total delay time.

group delay;- Time and the Goos—Hénchen Times
9 (proT — WT) _0— Opr n P 0N — 3) We use the following definitions for the complex cosines,
Ow T Bw c andasg:
_9¢r | n1 . 2 1/2
= —aw + ? sin 0 Ax. (4) Qs = <% SillQ o — 1) (10)
We can see that the total group delay consists of two compo- ? s
nents. The first term is the time calculated by Tournois in [1], _ nr 0_1 / 11
and is due to the nontrivial phase shift from the multilayer struc- eEla T (11)



796 IEEE JOURNAL OF QUANTUM ELECTRONICS, VOL. 37, NO. 6, JUNE 2001

which are proportional to the decay constants of the evanesc@ires—Tournois time, was also derived in [1] and is given by the
waves set up in the second and the third materials. The angléaifowing expression:
incidence i, and the indices for théth region are writtem;.

) X . . . s
To be consistent with the previous calculation [1], we define the . — Z7=:»

following terms: dw g
Z/}12, P 2 ' !
1/127]7 i —2tan <T [1— tanh*(wr’ + 75, )] 7
tan " ngcosf (12) - P - (18)
2 1+ tan? <%) tanh®(wr’ + s, )
an( ) — 2% (13)
ny cos The additional contribution to the reflection time due to the
. nad Goos—Hanchen shift occurs in any two dimensional system
TETL (14) undergoing total internal reflection. This Goos—H&anchen time
nacis delay was described in [12] and is given by the following
tanh (v,) = sty (15) expression as in (19) and (20), shown at the bottom of the page.
tanh (7,) = 222, (16) B. Converting the Inequality in (9) to a Useful Form
n2c2 The inequality in (9) can be rewritten as
The terms)y, ¢,y are the TIR phase shifts at thg—n inter- —1ar < TGH. (21)

face fors andp-polarization, respectively’ and; ,, are useful

substitutions. From [1], we use the expression for the phaseldgiion substitution of (18) and (20), the inequality becomes (22),
a reflected wave for angles of incidenée beyond the critical as shown at the bottom of the page, and can be converted to a
angle for the first and third layers more desirable form

wTt’

tan % = —tan <¢12%> tanh (w7’ + v, ). (17) tan ¢

1 S a S
5 <1 + tan? <¢12’ p)) V12,5 p tanh(wr’ + v, p)

2 o0
. : . .- <
This expression for the phase is only valid in the range of angles P12, 5, p 2,
from 8. < 6 < =/2, and for the interferometer wherg > tan 2 [1 — tanh™ (w7 +%’P)]
n3 > ne. The group delay for a wavepacket can be calculated ot Ovap
using stationary phase theory. That delay, which we called the =+ “o8 + W (23)
—tané 9¢, ,
= 5P 1
TGH ” 9 | (19)
1 2 le,S,p 81/)127 s,p ’
5 <1 + tan < 5 )) 50 tanh (w7’ + v, )
2tan @ o 8
+ tan Y120 [1 — tanh® (w7’ + 75, )] (w T Thur
_ 2 ’ “ o0 a6 (20)
w [1 + tan? <¢L25p) tanh? (w7’ + ,VS,P):|
1 P12, s, P12,
3 <1 + tan? < 5 p)) 5 L tanh(wr’ + 75 )
¥ 2tan 6 5 5
Y s 5 5
—2tan <%) [1 — tanh® (w7’ +7,,p)] 7/ +tan <1/12’ p) [1 — tanh® (w7’ + 75, p)] < 8T9 + gep>
7 < v
1+ tan? <%) tanh®(wr’ + 7, ) [1 + tan < 122’S’p> tanh*(wr’ +7,, p)}

(22)
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For this step to be truean § andtan(«., ,/2) must be positive D. Proof of Positivity of Term#? and D
so as not to change the direction of the inequality. In the rangererm B can be written as follows:

of anglesf, < 6 < w/2, tané is positive, andan(; ,/2)

is defined in terms of all positive quantities and is, thus,
also positive. To simplify (23) further, we use the fact that 2

1 +tan?(¢12,5 »/2) > 1 to write the new inequality

1 1o,
wr! 3 z/}ge' L tanh(wr’ + 75 p)
<
tan 6 tan <1/}12%> [1- tanh? (w7’ + Vs,p)]
ot 0vs,p
- 2= 24
B0 T oo (e4)

Equation (24) is a sufficient condition to establish the p05|t|V|ty

of rror. We can make the following definitions:

wTt’

A= 25
tané (25)
1012 s
3 z/}ge L tanh(wr’ + 75 p)
B= " (26)
tan <%) [1 — tanh*(wr’ + 7, )]
or'
=w— 27
C=uw 50 (27)
dy
D="-2° 28
50 (28)
which allows us to write (24) as
A<B+C+D. (29)

C. Proof thatA is less than”
Term A is less than ternd” in (29) if the following inequality

is satisfied:
A<C

wTt’ or’

(30)

(1)

tan @

Substituting the definition for’ [(14)] into (31) and taking
the derivative yields

712 1/2
L ogn2e—1
<n2wd> <n§ sin” 6 ) < <n2wd>

c tan @ c

n3 sin @ cos 6
X

2 1/2
n3 <n—é sin? 9—1)
ny
(32)
n2 n?
<—§ sin® 6§ — 1) < — sin® 4. (33)
na ”2

This inequality is thus satisfied and tersnis less than ternd.

1 81/)12 Y12, s,p "
ad

tan <z/122#) [1 — tanh®(wr’ 4+ 7s,,)]

anh(wr’ 4+ v, )

(34)

The definitions for,, and~ differ for s and p-polarization;
thus, we will consider each polarization separately.j~polar-
ization, B becomes

1 0v12
2 96

<z/)122 p) [1 — tanh2(w'r’ + 'yp)]

1 8042 1
9 96 cosh

1+< nyce )2
L N9 cosf

n? sin 6
1=
2

——L tanh(wr’ +7,)

(39)

+ tan @

N tanh(wr’ 4+ y,)
[1- tanh?(wr’ + 7))

(36)

tan 6
_ n 062 tan X tanh(w’r/—i_,yp) (37)
< na ) [1— tank®(wr’ +7,)]
+
9 cos 6

The numerator of the first fraction is positive in the region of
interestd,. < 6 < = /2, as is the denominator. The denominator
of the second fraction is positive s< tanh®z < 1. We can
show the numerator of the second fraction is positive by proving
the inequality

tanh(wr’ +7,) > 0 (38)
which is equivalent to showing that
wr' +9, >0 (39)
which we rewrite as
nowd NoQg
ag + arctan > 0. (40)
nztxo

Both of these terms are positive in the regian< 8 < /2, as
the argument of the inverse tangent is positive. Thus, Bris
positive forp-polarization. Fori-polarization,B is

1012,
2 06
; P12 s 2,
an | — == [1— tanh*(wr’ + ;)]

1 8@2 1 + ta 9
an
_ | 960 cosb x{

e,
ny cos

tanh(wr’ + ;)

tanh(wr’ + ;)
[1- tanh®(wr’ 4 )] |

(41)
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The numerator for the first fraction is identical to that fepo- which holds in the system of interest, sineg > n.. The nu-
larization and is thus positive. The denominator for the first fracaerator can be proven positive by showing
tion is also positive as all the components are real in the region

of interest. The denominator of the second fraction is positive, ny dos _ ”2_0‘;’ 9oz 0 (53)
again becaus@ < tanh?z < 1. The final numerator can be n3ay 00 nga; 00
_shown to be pos_itive again_by considerin_g the argument of the n? «in @ cos f n? «in @ cos f
inverse hyperbolic tangent in the inequality S 3~ 27,3 >0 (54
n3 1 2 ny (N1 . 2
— sin" 6 —1 — sin" 0 —1
n3 n3
W + v, >0 (42)
J and
ind (g + arctan <n3a3> > 0. (43)
Noto 5 1 5 1
el e (55)
Again, both terms are positive in the regiép < 6 < /2. 3 <n—§ sin?4 —1 "2 <n—§ sin? 6 — 1)
Therefore B is also positive fos-polarization over the relevant 3 "2
range of_angles. Ter? from (29) can be proven to be positive n} n_% e n_% . n_% n_% e n_% (56)
by showing n2 n2 n2 ~ n n3 n2
Msp o ) (44) n3 >nj (57)

oo

We begin by proving the relation forpolarization which again holds trueb is positive forp-polarization.

For s-polarization,D is positive if

8% 8’75
— >0 (45) 96

>0
ad

which can be expanded as

nots O o a% o

ny Jdas noz Jovg 5 > 0. (58)
90 ngal 96 _ (e
N30 N30 5 0. (46) 1 <n2a2
Noxz
1- <n3a2) We again split up the fraction and prove that the numerator and

the denominator are both positive. For the denominator to be

ositive, it must satis
This inequality can be shown to hold by demonstrating that boE(Jh ty

the numerator and the denominator are positive. We begin with naas \ 2
the denominator and show 1- <n2a2> >0 (59)
nacs ) n3as >nia; (60)
1= <ﬂ3062> >0 (1) ”% . 2 ”% . 2
ny | —5 sin“0—1) >n3 g sin 6-1 (61)
2 2 2 2 ny 3
n > 48
3ty ~ Ny (48) ) )
Ny >nj (62)

2({ N1 . 2 oM . o
ny| —5sin"6—-1)>n3(—5sin"6-1 o S _
3 73 which is satisfied in our system. For the numerator to be posi-
(49)  tive, it must satisfy

2 2

n? sin® 6 <% - %) — (n§ —n3) >0. (50) n3 Odasz  nzaz oo >0 (63)

2 3 nocy 06 71206% o0
The left hand side of this relation is a minimum at the critical — 7 — —5 a4 >0 (64)

angle, wherein? § = n3/n?. We substitute this minimum value az 99 a; 00
into (50) to yield the relation n? sin 6 cos 8 n? sin cos 8 0 65
3 [ w3 ( oo

L gn?6-1 L gn?6 -1
ning (n3 n3 2 n3 n3

This inequality was already proved in (54). Thus, tetthand
ny >nan3 (52) D of (29) are positive fos andp-polarizations. This proves the



RESCHet al: TOTAL REFLECTION CANNOT OCCUR WITH A NEGATIVE DELAY TIME 799

inequality in equation (29) and the Goos—Hanchen time is alfi0] D. Mugnai, A. Ranfagni, and R. Ruggeri, “Observation of superluminal
ways positive and greater in magnitude than the Gires—Tournojs_ behaviorsin wave propagatiorPhys. Rev. Lettvol. 84, p. 4830, 2000.
. [11] F. Goos and H. Hanchen, “Ein neuer und fundamentaler Versuch zur
time. Totalreflexion,” Ann. Phys. (Leipzigyol. 1, p. 333, 1947.
[12] A. M. Steinberg and R. Y. Chiao, “Tunneling delay times in one and two
dimensions,’Phys. Rev. Avol. 49, p. 3283, 1994.
IV. CONCLUSION [13] C.K.Hong, Z.Y. Ou, and L. Mandel, “Measurement of subpicosecond

The time delay due to the Goos—Hanchen shift has been time intervals between two photons by interferendehys. Rev. Lett.
.. . . vol. 59, p. 2044, 1987.
shown to be positive and greater in absolute magmtud(]ei4

) s | B ] E. Dauleret al, “Tests of a two-photon technique for measuring polar-
than the Gires—Tournois time in a specific type of frustrate ization mode dispersion with subfemtosecond precisidnRes. Nat.

Unlike the Gires—Tournois time, the Goos—Héanchen time
delay is accompanied by a spatial displacement of the beam.

The effects of the spatial displacement and the Goos—Hanchen ) ) ) )
. del Iti hift of the wavefronts of the reﬂecteéevm J. Reschreceived the undergraduate degree in chemical physics from
time delay resuit in a shi wav ueen’s University, Kingston, ON, Canada, in 1997, and the M.Sc. degree in

beam perpendicular to the wavevector of that beam relativeptgsics in 1998 from the University of Toronto, Toronto, ON, Canada, where he
simple Eresnel reflection. Such a shift in the wavefronts doi<surrently working toward the Ph.D. degree in experimental quantum optics.

d . del bl . . £ . His research interests include superluminal pulse propagation, quantum in-
not produce a time delay measurable using inter erometfé?ference, and nonlinear optics with low light levels.

techniques. As such, in this system, any interferometer will
only be sensitive to the (negative) Gires—Tournois time delay,
although the physical (2-D) time delay is, in fact, positive.
Experiments are underway at the University of Toronto t@ffS. Lundeenreceived the undergraduate degree from Queen’s University,
measure the Gires—=Tournois time delay using both C|assi{|§§]gston, ON, Canada, and the Master's degree at University of Toronto,

. : . oronto, Canada. He is currently working toward the Ph.D. degree in experi-
and quantum [13]’ [3]' [14] interferometric teChmques' mental quantum optics and quantum information at the University of Toronto.

His research interests include the role of time in quantum mechanics, the
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